In classical computation, any recursive function can be computed by a universal Turing machine, and the program is independent of the value of the variable. Generalizing this universality to quantum computation, one anticipates that there is a universal quantum Turing machine which can perform any desired unitary transformation on an arbitrary number of qubits, by including a program as another part of the input state; or the program effecting a unitary transformation is independent of the state of qubits to be computed.
It is shown, however, due to entanglement, neither of these two situations exists. The discussion clarifies a puzzle about halt scheme or synchronization of computational paths.
PACS numbers: 89.70.+c, 03.65.-w Typeset using REVT E X 1 A computation is a process that produces an output which depends in some desired way on an input. Its essentials are contained in a Turing machine, and a cornerstone of the computation theory is the Church-Turing thesis: Every recursive function can be computed by a universal Turing machine [1] . In a universal classical Turing machine (UCTM), to which present-day computers are good approximations, the computation of a function is determined by a program which is encoded as a part of the input. The concept of computation is being extended to quantum computation, in which an input state is unitarily evolved to an output state. There have been concrete algorithms solving problems much more efficiently than classical ones. Such an algorithm, which is written in classical, scientist-reading language, usually consists of two parts. One is on how to embed the problem in the input state and the result in the output state, the other is on how to realize the desired unitary transformation in terms of various quantum gates and wires, i.e. on how to construct a quantum computational network (QCN) [2] . One may ask whether there is a universal quantum computer [3] , as a generalization of UCTM. This question is of fundamental importance from both theoretical viewpoint (what is the impact of quantum mechanics on the concept of universality of computation, in addition to improving efficiency of solving specific problems?) and from practical viewpoint (it is somewhat a limitation to construct a specific setup for each computational task). By inspecting UCTM, we may anticipate two types of universality in its quantum generalization. Type-I is that, for a particular Turing machine-the universal Turing machine, there is always an effective program for an arbitrary computational task. Correspondingly, in the founding paper of quantum computation [4] , quantum Turing machine (QTM) was introduced, and it was claimed that there is a universal quantum Turing machine (UQTM), for which there always exists a program that effects a unitary transformation arbitrarily close to any desired unitary transformation on an arbitrary number of qubits. If this universality exists, one particular quantum computer will be able to do every computation using the same dynamics. Unfortunately, as we will show, such a UQTM does not exist. Type-II universality means that a same program can be used for different data. By data, we refer to the input other than the program, thus in classical computation it is just the value of the variable x, but in quantum computation it can be any kind of superposed state. In classical computation the algorithm of computing a function f (x) is independent of the value of the variable x, but is only determined by f .
Thus type-II universality is trivial in classical computation; it is hard to imagine whether there would otherwise be any mathematics. But it does not exist in quantum computation.
In brief, linearity and unitarity of quantum evolution rule out both types of universality.
Let's start with a review of Deutsch's construction of QTM and UQTM. As a gener- For QCN, such a discrimination is unnecessary since all qubits belong to the registers to be computed.
Now comes the concept of program and UQTM. It was observed that any one-bit unitary transformation can be composed in terms of a number of U(2) rotations V l of an irrational multiple of π, each of which corresponds to a basis element representing program φ(V l , a), which effects V l upon the ath qubit, namely |j,
sition of V l may be effected by concatenation of φ(V l , a). The concatenation of two programs is a program whose effect is that of one followed by the other. Thus there exist programs that effect upon the state of any one qubit a unitary transformation arbitrarily close to any desired one. After execution of the program, the state of the tape is that in which the program followed by the output state of the data, the state of the processor also returns to the initial one. Step (ii) went as follows. Write
where |ψ 0 2∼L and |ψ 1 2∼L are states of the qubits numbered 2 to L, given qubit no. 1 being 0 or 1, respectively. We use |0 i and |1 i to denote the one-bit states of the qubit no. i, Thus (1) is converted to
which can be evolved accurately to |0 1∼L by a one-bit transformation of the qubit no. 1.
The above proof, Deutsch said, establishes the existence of a universal quantum computer. Now we begin our discussions. Mathematically, "the existence of the program that effects a unitary transformation on L bits, arbitrarily close to any desired one" means that, for an arbitrary data state ψ 1∼L , which is desired to be transformed to Uψ 1∼L , where U is a unitary operator, there exists a program ρ, so that the state of the machine is transformed from |Ψ(0) = |0; 0 0 0; ψ 1∼L , ρ to U S |Ψ(0) = |0; 0 0 0; Uψ 1∼L , ρ , after finite, S steps.
In step (ii) of Deutsch's proof, the induced existence of ρ 0 and ρ 1 means that
S 0 and S 1 (let S 0 ≤ S 1 ) are time steps, m 1 is arbitrary since ρ 0 and ρ 1 are programs for qubits no. 2 to L. On the other hand, that ρ effects as "if qubit no. 1 is 0, execute ρ 0 , otherwise execute ρ 1 " means that, at every time step, from t to t + T , 
In Eqs. (5) to (8) One might consider a timing or synchronization method as follows [5] . There exists a delaying program whose action is, say, to place a number in an auxiliary register, and then repeatedly subtract one from it until it reaches zero, and then halt. Therefore ρ may be: "if qubit no. 1 is 0, execute ρ 0 , then execute a delaying program till a fixed time ST ; otherwise execute ρ 1 , then execute a delaying program till ST ". However, it can be seen that this method requires that the time steps of ρ 0 and ρ 1 are known before computation, therefore is not feasible for UQTM.
Thus the original proof of type-II universality is not valid. A general disproof is as
follows. The idea inherited from the Church-Turing thesis is that the universal computer is operated by finite means, that is, the program must ultimately be a concatenation of a number of programs effecting classical Turing operations or transformations of a finite number of qubits. Without lose of the essentials, suppose this finite number be one. Then there should be at least one one-bit transformation within the concatenation, otherwise the machine is effectively classical. Denote the qubit on which the program ρ effects as no. 1, and suppose the overall data state is transformed from |ψ 1∼L = α c α |m 
It is required that S α are always identical for all α, which is impossible as implied by linearity. In general, c α =c α , under which unitarity is violated by Eq. (10). Therefore type-I universality cannot exist.
Type-II universality can also be ruled out. Suppose there exists a program ρ which is independent of the data state, and is only dependent on the unitary transformation U. Thus if U is made on X, we have U The reasoning is similar to the argument following Eq. (9) . Therefore, all possible programs of a quantum computer are dependent on both the input state of the data and the desired unitary transformation U. Indeed, the factorization algorithm [6] , for example, is different for different numbers to be factorized since different networks need to be constructed, though in a similar way. So is the search algorithm [7] . Now let us turn to the halt scheme. Because two consecutive states of the machine can never be identical, and no measurement is permitted to be made during the computation, Deutsch set aside one of the processor's qubits, n h , which is initialized to 0 and flips to 1 when the computation is completed. Therefore one may observe n h to know whether the computation has been completed. Recently, Myers argued that there can be an entanglement between halt qubit and others, thereby a measurement on n h spoils the computation, as follows. Suppose two computations, which start respectively from basis states |A |0 h and |B |0 h , are completed after N A and N B steps respectively. If N B > N A , then for a computation starting from (|A + |B )|0 h , after N steps, with N A < N < N B , the state is |A |1 h + |B |0 h [8, 9] . Myers regarded this problem as a conflict between being universal and being fully quantum (capable of computing values from inputs which are superpositions of computational basis states).
Myers' argument was the first reflection of the problem discussed here. However, the special composition of UQTM was ignored. There is fixed restriction on the possible states of the machine, and the computation is done only on the data state although the dynamics U is defined in the Hilbert space of the whole system. To be universal and fully quantum (it may be explained as "not effectively classical"; Deutsch used this term to distinguish his model from Benioff's model) by no means requires the machine to start from an unrestricted superposition of computational basis states. Hence |A and |B should be recognized as the state of the input data. Therefore, from the standpoint of type-I universality, this problem does not exist: for every computational task, a corresponding program is expected to exist; in other words, when the input data is a superposition of A and B, the state of machine is not |0; 0 0 0; A, ρ A + |0; 0 0 0; B, ρ B , but is |0; 0 0 0; A + B, ρ A+B , where ρ A+B is a program corresponding to |A + |B . The problem is not the entanglement involving the halt qubit, but is that such a universality does not exist. That is, if |A and |B can be evolved respectively by their programs to the desired output states, it cannot be ensured at all that there is a program to evolve |A + B to the desired state, which is the superposition of the desired states for |A and |B . On the other hand, if |A and |B are constrained to be computed by a same program, the problem with type-II universality appears, but again |A + |B cannot generally be evolved to the desired state. This is the key point though there is indeed an entanglement involving halt qubit in the latter case. Had the universality in either sense exists, the halt scheme itself would be no problem.
Bernstein and Vazirani [10] noticed that two computational paths can interfere only if they reach the same configuration at the same time. This is actually nothing beyond the simple statement that there is a desired output state. In their construction of UQTM, several crucial steps were based on a theorem that any function computable in deterministic polynomial time can be computed by a polynomial time reversible classical Turing machine in such a way that the running time is determined entirely by the length of its input. This theorem, however, concerns classical computation and cannot be used to avoid the situation that in a universal quantum computation, synchronization of different quantum paths cannot be ensured generally, that is to say, an input state cannot be ensured to evolve to the desired state.
Ruled by linearity and unitarity of quantum evolution, and in order to utilize quantum parallelism, a program effects different operations in different branches. In a QTM expected to be of universality, there is no freedom to change the dynamics U, one can only design an 8 input state which includes the given data and the program, which acts as the controlling qubits. However, linearity means that the evolution of different branches are independent, thus it is an intrinsic difficulty to "organize" the effects in different branches so as to complete an arbitrary desired computation. Therefore there is a conflict originated in entanglement between the "quantum parallelism" and the need of utilizing it. But for a specific quantum computation, one can design the dynamics U as well as the input and output states. In this case the algorithm means blueprint for everything, often including how to embed the problem in the input state and the result in the output state (for this reason I have been using the term "program" for universal computation while "algorithm" for specific computation).
Hence one can naturally avoid the situation that different paths do not arrive at the final state simultaneously, which trivially means nothing but that the state cannot evolve to the desired state. The halt scheme can work for a specific QTM, and is unnecessary for a QCN.
The evolution from the input state to output state in a QCN is equivalent to one step in a QTM, thus the synchronization problem does not explicitly appear. Therefore it is a trivial fact that in valid algorithms of QCN, the different computation paths are always synchronized.
To summarize, we examined in quantum computation the concept of universality, including two types, as a generalization of the universality exhibited in classical computation.
Type-I universality refers to the ability of performing any desired unitary transformation on an arbitrary number of qubits, by including a program as another part of the input state.
Type-II universality refers to the existence of programs which are independent of the data to be computed. It was shown that neither of them exists, because with dynamics fixed, linearity and unitarity of quantum evolution makes it impossible to synchronize different quantum paths of any possibility. This difficulty originates in entanglement, exactly the same origin of the power of quantum computation. For a specific quantum computation, however, this difficulty does not exist by definition; in this case, the algorithm includes the design of dynamics itself. At this stage, one might recall that Deutsch's initial motivation to introduce quantum computation is the idea that if Church-Turing thesis is interpreted as a physical principle, it is not obeyed by classical physics and universal classical Turing machine since the former is continuous and the latter discrete. But it is inappropriate to regard classical physics as continuous and quantum mechanics as discrete. By classical physics, the evolution of the state is discrete in the Hilbert space, it simply moves from one basis to another basis. By quantum mechanics, the state space becomes continuous. Thus one may argue that it is classical physics and classical computation, not quantum mechanics and quantum computation, that is compatible with the Church-Turing thesis or principle.
Maybe this is a reason why we live and think in a classical regime, and can be viewed as another example of impossible quantum information processes. It is interesting to explore how to combine quantum and classical operations, as done in quantum teleportation and quantum cryptography, to do computations with interesting features.
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